Abstract. For a geometrically rational surface X over a perfect field of characteristic different from 2 that contains all roots of 1, we show that either X is birational to a product of a projective line and a conic, or the group of birational automorphisms of X has bounded finite subgroups. As an auxiliary result, we show boundedness of finite subgroups in anisotropic linear algebraic groups of bounded rank and number of connected components. Also, we provide applications to Jordan property for groups of birational automorphisms.
Introduction
Groups of birational automorphisms of some varieties are rather difficult to understand. However, in many examples the structure of its finite subgroups is much more accessible. In particular, it is often the case that a variety is either birationally "nice" itself, or there are strong restrictions on finite subgroups of its birational automorphism group. An amazing example of such a behavior is the following result.
Theorem 1.1 ([BZ17a, Corollary 4.11]). Let K be a field of characteristic zero that contains all roots of 1. Let C be a conic over K. Assume that C is not K-rational, i.e., that C(K) = ∅. Then every non-trivial element of finite order in Aut(C) has order 2, and every finite subgroup of Aut(C) has order at most 4.
We say that a group Γ has bounded finite subgroups if there exists a constant B = B(Γ) such that for any finite subgroup G ⊂ Γ one has |G| B. If this is not the case, we say that Γ has unbounded finite subgroups.
A partial two-dimensional analog of Theorem 1.1 can be stated as follows.
Theorem 1.2 ([PS16b, Theorem 1.6]). Let K be a field of characteristic zero that contains all roots of 1, and X be a geometrically rational surface over K. Assume that X is not Krational but has a K-point. Then the group of birational automorphisms of S has bounded finite subgroups.
The goal of this paper is to prove the following assertion that can be interpreted as a two-dimensional generalization of Theorem 1.1 and that applies both to surfaces with K-points and without them, and holds over all perfect fields of characteristic different from 2. We will say that a field K contains all roots of 1, if it contains all roots of 1 available in its algebraic closure, that is, those of degrees coprime to the characteristic of K. Theorem 1.3. Let K be a perfect field of characteristic different from 2 that contains all roots of 1. Let X be a geometrically rational surface over K. Then the group of birational automorphisms of X has unbounded finite subgroups if and only if X is K-birational to P 1 × C, where C is a conic.
Using Theorem 1.3 in the case when the surface X has a K-point, one proves a generalization of Theorem 1.2 over perfect fields of characteristic different from 2 containing all roots of 1; see Remark 8.2 below for details. We point out that such a generalization does not hold in general over perfect fields of characteristic 2, see Example 8.6. As another application of Theorem 1.3 for surfaces without K-points, we obtain the following result concerning groups of birational automorphisms of Severi-Brauer surfaces.
Corollary 1.4. Let K be a perfect field of characteristic different from 2 that contains all roots of 1. Let X be a Severi-Brauer surface over K without K-points. Then the group of birational automorphisms of X has bounded finite subgroups.
The key step in the proof of Theorem 1.3 is the following property of linear algebraic groups that holds in arbitrary dimension. Recall that a linear algebraic group is said to be anisotropic if it does not contain a subgroup isomorphic to G m . Theorem 1.5. Let r and n be positive integers. Then there exists a constant L = L(r, n) with the following property. Let K be a field that contains all roots of 1, and let Γ be an anisotropic linear algebraic group over K such that the number of connected components of Γ is at most r and the rank of Γ is at most n. Let G be a finite subgroup of Γ(K). The following assertions hold.
(i) If Γ is reductive and K is perfect, then |G| L.
(ii) Suppose that Γ is an arbitrary linear algebraic group. If char K > 0, denote by |G| ′ the largest factor of |G| which is coprime to char K; otherwise put
As an application of Theorem 1.5, we obtain the following result. Recall that the irregularity of a smooth projective variety X is defined as h 1 (O X ). Abusing the terminology, we will define the irregularity of singular projective varieties in the same way. Theorem 1.6. Let K be a perfect field that contains all roots of 1. Let S be a variety over K, and let π : X → S be a projective morphism with reduced and geometrically irreducible fibers over closed points of S, such that the irregularity of a fiber over every closed point of S equals 0. Then there exists a constant B = B(X ) with the following property. Suppose that a fiber X s , s ∈ S(K), is not birational to P 1 × Y for any variety Y over K. Then any finite subgroup of Aut(X s ) has order at most B.
Example 1.7. Let K be a field of characteristic zero. For every positive integer n and every ε > 0, Fano varieties of dimension n over K with ε-log canonical singularities are bounded by [Bir16, Theorem 1.1]. Moreover, one can check that some multiple of the relative anticanonical class provides a line bundle on the corresponding family that is ample over the base; this follows for instance from [Kol93, Theorem 1.1 and Lemma 1.2]. Therefore, Theorem 1.6 applies to such varieties provided that K contains all roots of 1.
A particular case of Theorem 1.3 for automorphism groups of certain flag varieties was considered in [G18] .
One can apply Theorem 1.5 to study the automorphisms groups of Severi-Brauer varieties. For a Severi-Brauer variety X associated to a central simple algebra A over a perfect field K that contains all roots of 1, Theorem 1.5 implies that Aut(X) has bounded finite subgroups if and only if A is a division algebra; see Remark 6.7 for details. The following proposition (which we prove directly) amplifies this observation and partially extends it to the case of non-perfect base fields. Proposition 1.8. Let K be a field that contains all roots of 1. Let X be a Severi-Brauer variety of dimension n − 1 over K, and let A be the corresponding central simple algebra. Assume that the characteristic char K of K does not divide n. The following assertions hold.
(i) The group Aut(X) has bounded finite subgroups if and only if A is a division algebra; in particular, if n is a prime number, then Aut(X) has bounded finite subgroups if and only if X(K) = ∅, i.e., X is not isomorphic to P n−1 . (ii) Suppose that A is a division algebra. Let g ∈ Aut(X) be an element of finite order, and G ⊂ Aut(X) be a finite subgroup. Then g n = 1 and |G| n 2(n−1) . (iii) Suppose that char K = 0, n = 3, and X(K) = ∅. Let G ⊂ Aut(X) be a finite subgroup. Then |G| 27.
In particular, if K is a perfect field that contains all roots of 1, then Proposition 1.8 applies to Severi-Brauer varieties over K; indeed, in this case char K cannot divide the dimension of a division algebra over K, see Remark 6.6 below. In the case of an arbitrary field whose characteristic divides the dimension of the division algebra, the structure of finite subgroups of the corresponding automorphism group is still rather simple. Proposition 1.9. Let K be a field of characteristic p > 0 that contains all roots of 1. Let A be a division algebra over K of dimension n 2 , and let X be a corresponding SeveriBrauer variety. Write n = n ′ p m for some non-negative integers m and n ′ such that n ′ is coprime to p. Then every finite subgroup G ⊂ Aut(X) is a semi-direct product of its normal subgroup H whose order is coprime to p and is less than or equal to n ′ 2(n−1) , and an abelian p-group of exponent less than or equal to p m .
As another application of Theorem 1.5, one can prove that the automorphism group of a smooth quadric Q over a field K of characteristic different from 2 that contains all roots of 1 has bounded finite subgroups if and only if Q(K) = ∅. In the case when K has zero characteristic, this result was proved earlier in [BZ17a, §4] . We find explicit bounds for orders of finite automorphism groups of quadrics over appropriate fields, thus generalizing the results of [BZ17a, §4] and making them more precise. Proposition 1.10. Let K be a field that contains all roots of 1. Assume that char K = 2 or K is perfect. Let n 3 be an integer, and let Q ⊂ P n−1 be a smooth quadric hypersurface over K. The following assertions hold.
(i) The group Aut(Q) has bounded finite subgroups if and only if Q(K) = ∅.
(ii) If n is odd and Q(K) = ∅, then every non-trivial element of finite order in the group Aut(Q) has order 2, and every finite subgroup of Aut(Q) has order at most 2 n−1 . (iii) If n is even and Q(K) = ∅, then every non-trivial element of finite order in the group Aut(Q) has order 2 or 4, and every finite subgroup of Aut(Q) has order at most 8 n−1 . (iv) If n = 4 and Q(K) = ∅, then every finite subgroup of Aut(Q) has order at most 64.
In particular, we see from Proposition 1.8(ii) or Proposition 1.10(ii) that Theorem 1.1 actually holds over any perfect field, and also over any field of characteristic different from 2 (we will use this in the proof of our Theorem 1.3). Note that over a non-perfect field of characteristic 2 this is not the case: for every smooth conic over any infinite field of characteristic 2 its automorphisms group has unbounded finite subgroups; see Lemma 6.12(ii) below for details. Note also that one cannot drop the assumption about roots of 1 in Theorem 1.1, as well as in Propositions 1.8 and 1.10. Indeed, the conic over the field of real numbers defined by the equation x 2 + y 2 + z 2 = 0 has automorphisms of arbitrary finite order.
Next, we provide explicit bounds for orders of finite subgroups in the automorphism groups of smooth del Pezzo surfaces. Proposition 1.11. Let K be a perfect field that contains all roots of 1. Let X be a smooth del Pezzo surface over K such that X is not birational to P 1 × C, where C is a conic. Suppose that either K 2 X 6, or K has characteristic 0. Then every finite subgroup of Aut(X) has order at most 432.
We remind the reader that there are well-known bounds for orders of automorphism groups of del Pezzo surfaces X with K 2 X 5, see Remark 10.4 below. Similarly to [BZ17a] , where Theorem 1.1 was applied to study groups of birational selfmaps of conic bundles over non-uniruled varieties, we will apply Theorem 1.3 to higher dimensional varieties whose maximal rationally connected fibration has relative dimension 2, see Proposition 11.6 below.
The plan of the paper is as follows. In §2 we collect some facts about quotients of varieties by the groups G m and G a . In §3 we prove auxiliary assertions about elements of finite order in algebraic tori. In §4 we study finite subgroups of linear algebraic groups and prove Theorem 1.5. In §5 we discuss automorphism groups of varieties with zero irregularity and prove Theorem 1.6. In §6 we describe automorphism groups of SeveriBrauer varieties and prove Propositions 1.8 and 1.9. In §7 we study groups acting on conic bundles. In §8 we prove Theorem 1.3 and Corollary 1.4; we also provide a counterexample to Theorem 1.3 over a perfect field of characteristic 2. In §9 we prove Proposition 1.10. In §10 we study groups acting on del Pezzo surfaces and prove Proposition 1.11. In §11 we derive some consequences of Theorem 1.3 for birational automorphism groups of higher dimensional varieties.
Throughout the paper byK we denote an algebraic closure of a field K, and by K sep we denote a separable closure of K (recall that K sep =K provided that K is perfect; we prefer to use the notationK in this case). Given a variety X or a morphism φ defined over K, for an arbitrary field extension K ⊃ K we denote by X K and φ K the corresponding scalar extensions to K, and by X(K) we denote the set of K-points of X. Abusing notation a bit, we write P n for a projective space over a field K, and similarly write G m and G a for the multiplicative and additive groups, respectively.
We are grateful to I. Cheltsov, J. 
Quotients
In this section we collect several (well-known) facts about quotients of varieties by the groups G m and G a .
Lemma 2.1. Let K be an arbitrary field. Let G be an algebraic group over K isomorphic either to G m or to G a . Let X be an irreducible variety over K with a faithful action of G. Then X is birational to P 1 × Y for some variety Y .
Proof. The argument is contained in the proof of [BB73, Theorem 2], but we provide it here for the reader's convenience. It follows from [Ros56, Theorem 2] that there exists a (dense) open subset U of X such that the action of G on U is free and there is a variety Y = U/G and a morphism π : U → Y such that the fibers of π are exactly G-orbits contained in U. By [Ros56, Theorem 10], the morphism π has a section (see also [Ros67] for a different approach to a proof of this statement). This implies that U ∼ = G × Y , and the assertion follows.
Corollary 2.2. Let X be an irreducible variety over a perfect field with a faithful action of a connected linear algebraic group Γ. Suppose that Γ is not reductive. Then X is birational to P 1 × Y for some variety Y .
Proof. Since Γ is not reductive, its unipotent radical (that is, the largest normal unipotent connected closed subgroup of Γ) is non-trivial. Hence, it contains a subgroup isomorphic to G a ; this follows from the Lie-Kolchin theorem (see e.g. [Bor91, Corollary 10.5]). Now the assertion follows from Lemma 2.1.
Lemma 2.3. Let T be a torus of dimension n over a field K, and S be its subtorus of dimension n − 1. Let U be a T -torsor, and let Y be the (geometric) quotient of U by S.
Suppose that the variety Y is isomorphic to G m . Then U is birational to G m × Z for some variety Z.
Proof. Note that Y has a natural structure of a torsor under the torus T /S. Since Y has a point, it is isomorphic to T /S. Therefore, T /S is isomorphic to G m as a variety, and thus also as an algebraic group. We conclude that T contains a subtorus R ∼ = G m ; this can be seen from the Galois action on the latticeŤ ∼ = Hom(G m , T Ksep ), see [Bor91, §8.12] . The rest follows from Lemma 2.1.
Note that in the notation of Lemma 2.3 and its proof the natural rational map
Example 2.4. PutŤ = Z 2 and Γ = Z/2Z. Let the non-trivial element of Γ act onŤ by interchanging two vectors of its basis, so that Γ becomes a subgroup of GL 2 (Z). Suppose that T is a two-dimensional torus over a field K such thať
as a Gal(K sep /K)-module, where the image of the group Gal(K sep /K) in Aut(Ť ) ∼ = GL 2 (Z) is the group Γ. In the notation of [Vos65] the torus T has type 2c. There exists a basis {v + , v − } ofŤ ⊗ Q such that v + is invariant and v − is anti-invariant with respect to Γ. Thus the torus T contains a subtorus R isomorphic to G m , and also a one-dimensional subtorus S not isomorphic to G m corresponding to the vectors v + and v − , respectively (see [Bor91, §8.12] ). One has T /S ∼ = G m , so that T is birational to G m × S by Lemma 2.3. Moreover, one has T \ R ∼ = G m × S \ {0} . Note however that R ⊂ T is not a section of the quotient morphism π : T → G m , but the restriction of π to R is a double cover.
A straightforward application of Lemma 2.3 gives the following.
Corollary 2.5. Let T be a torus of dimension n over a field K. Let U be a T -torsor, and let π : U → G m be a morphism of varieties. Suppose that there is a subtorusS in TK such that πK is the (geometric) quotient of UK byS. Then U is birational to P 1 × Y for some variety Y .
Proof. The morphism π defines a subtorus S ⊂ T such thatS = SK. Moreover, π is the (geometric) quotient of U by S. Now everything follows from Lemma 2.3.
Tori
In this section we will study elements of finite order in algebraic tori. The following is a famous theorem of Minkowski, see [Min1887] , or [Ser07, Theorem 5] together with [Ser07, §4.3].
Theorem 3.1. For any positive integer n, the group GL n (Z) has bounded finite subgroups.
Theorem 3.1 tells us that there is a constant Υ(n) < ∞ equal to the maximal order of a finite subgroup in GL n (Z).
Remark 3.2. One can deduce Theorem 3.1 from the following assertion: for every integer m > 2, the kernel of the reduction homomorphism GL n (Z) → GL n (Z/mZ) is torsion free. In particular, one has Υ(n) | GL n (Z/3Z)|. However, in general this bound is not sharp. However, for small n one can find the precise value of the constant Υ(n). For instance, we have Υ(1) = 2, Υ(2) = 12, and Υ(3) = 48, see e.g. [Ser07,
The following is the main technical result of this section.
Lemma 3.3. Let n and d > Υ(n) be positive integers. Let K be a field such that the characteristic of K does not divide d, and K contains a primitive d-th root of 1. Let T be an n-dimensional algebraic torus over K such that T (K) contains a point of order d. Then T contains a subtorus isomorphic to G m .
Proof. LetŤ = Hom(G m , T Ksep ) be the lattice of cocharacters of T .
Recall (see [Bor91, §8.12] ) that the functor T →Ť induces an equivalence between the category of algebraic tori over K and the category of free abelian groups of finite rank equipped with an action of the Galois group Gal(K sep /K) such that the image of the homomorphism Gal(K sep /K) → Aut(Ť ) is finite. Denote this image by Γ.
The group of d-torsion elements of T (K sep ) is isomorphic, as a Galois module, toŤ ⊗ µ d , where µ d is the group of d-th roots of unity in K sep . Since K contains a primitive d-th root of 1, the Galois module µ d is the trivial module Z/dZ, so that the Galois moduleŤ ⊗ µ d is isomorphic toŤ /dŤ . Hence, a point x ∈ T (K) of order d can be viewed as a Gal(K sep /K)-invariant elementv ∈Ť /dŤ of order d (so that mv = 0 for m < d). Let v ∈Ť be any preimage ofv under the projectionŤ →Ť /dŤ , and let
Sincev is Gal(K sep /K)-invariant, the image of w inŤ /dŤ is equal to |Γ|v. By assumption, the latter is not equal to 0. Hence w = 0. On the other hand, it is clear that w is a Gal(K sep /K)-invariant element ofŤ . By the above mentioned equivalence of categories, w gives rise to a nonzero homomorphism G m → T whose image is the required subtorus. . Corollary 3.6. Let K be a field that contains all roots of 1, and let T be an anisotropic n-dimensional torus over K. Then every element of finite order in T (K) has order at most Υ(n), and every finite subgroup in T (K) has order at most Υ(n) n . Moreover, every element of finite order and every finite subgroup of T (K) has order coprime to the characteristic of K.
Proof. Note that if char K = p is positive, then T does not contain elements of order p, because there are no such elements even in T Ksep ∼ = G n m . Thus, if there is an element of finite order d in T (K), then d is coprime to p, so that d Υ(n) by Lemma 3.3. It remains to notice that every finite subgroup of T (K) is an abelian group generated by at most n elements, and thus has order at most Υ(n) n .
Remark 3.2 and Corollary 3.6 immediately imply the following (well-known) assertion.
Lemma 3.7. Let K be a field that contains all roots of 1, and let T be a one-dimensional torus over K that is different from G m . Then every non-trivial finite subgroup of T (K) has order 2.
Lemma 3.7 implies the following assertion that is in some sense analogous to Theorem 1.1. 
defined over K. Let G be a finite group acting by automorphisms of U. Then |G| 4.
Proof. Let T be the one-dimensional torus that corresponds to the quadratic field exten-
In other words, one can describe T as the group of all automorphisms φ of P 1 such that φ Ksep preserves both points O 1 and O 2 . The curve U is a torsor over some torus T over K different from G m . Moreover, since P 1 has K-points, so has U. This means that U and T are isomorphic as varieties over K. Therefore, we have Aut(U) ∼ = T ⋊Aut(T ), so that the assertion follows from Lemma 3.7. Now we will provide more precise bounds for the possible finite orders of elements and subgroups of two-dimensional tori that will be used in §10. Note that there is an explicit classification of two-dimensional tori (see [Vos65] ), but we will not use it. Our approach here is similar to the proof of Lemma 3.3 but instead of the bounds on the orders of finite subgroups of GL n (Z) we use the bounds on the orders of elements of GL 2 (Z) together with the following easy observation that is specific to rank 2.
Lemma 3.9. Put Λ = Z 2 , and let Γ ⊂ GL(Λ) be a finite subgroup. Suppose that every element of Γ has a non-zero invariant vector in Λ. Then Γ has a non-zero invariant vector in Λ.
Proof. Let γ be an element of Γ. Since γ ∈ GL(Λ) ∼ = GL 2 (Z), its determinant is ±1. Since one of the eigen-values of γ equals 1, the other eigen-value equals ±1. Since γ is of finite order, this implies that γ 2 = 1. Hence the group Γ is abelian, and thus there are two non-proportional vectors v 1 and v 2 in Λ that generate one-dimensional Γ-invariant sublattices. If there exist two non-trivial elements γ 1 and γ 2 in Γ such that γ i v i = −v i , then it is easy to see that there is an element γ ′ in Γ such that γ ′ v i = −v i for both i = 1, 2. This means that γ ′ acts on Λ by multiplication by −1, which is impossible because γ ′ must have a non-zero invariant vector by assumption. Therefore, one of the vectors v 1 and v 2 is invariant with respect to the whole group Γ.
Lemma 3.10. Put Λ = Z 2 , and let Γ ⊂ GL(Λ) be a finite subgroup. Let d > 6 be an integer. Suppose that there is a Γ-invariant vector v in Λ (mod d) such that mv = 0 for m < d. Then there is a non-zero Γ-invariant vector in Λ.
Proof. Let γ be an element of the group Γ, and r be the order of γ. It is easy to check that r ∈ {1, 2, 3, 4, 6}, see for instance [Tah71, §1] .
Suppose that γ has no non-zero invariant vectors in Λ. Then the matrix γ − 1 is invertible in GL 2 (Q). Since we know that γ r − 1 = 0, this implies that the matrix
is the zero matrix, where Mat 2 denotes the ring of 2 × 2-matrices. Thus
is a zero matrix as well. Write
which is a contradiction since r 6 < d. Therefore, we see that every element of Γ has an invariant vector in Λ. Now it remains to apply Lemma 3.9.
Lemma 3.11. Let K be a field that contains all roots of 1, and let T be an anisotropic two-dimensional torus over K. Then every element of finite order in T (K) has order at most 6, and every finite subgroup of T (K) has order at most 36.
Proof. As in the proof of Lemma 3.3, we putŤ = Hom(G m , TK) and let Γ be the image of the Galois group Gal(K/K) in Aut(Ť ). Then Γ is a finite subgroup of Aut(Ť ) ∼ = GL 2 (Z).
Suppose that T (K) has an element of finite order d > 1. We note that d is coprime to the characteristic of the field K. As in the proof of Lemma 3.3, we see thatŤ /dŤ has a Γ-invariant vector v such that mv = 0 for m < d. By Lemma 3.10, if d > 6, then there is a non-zero Γ-invariant vector inT ∨ . Hence there is an embedding G m ֒→ T . Since the latter is not the case by assumption, we conclude that d 6. As in the proof of Corollary 3.6, we observe that every finite subgroup of T is an abelian group generated by at most two elements, and thus has order at most 36.
Remark 3.12. The proofs of Lemmas 3.10 and 3.11 also imply that an anisotropic twodimensional torus over K does not have elements of order 5.
Linear algebraic groups
In this section we study finite subgroups in linear algebraic groups and prove Theorem 1.5.
Recall that a linear algebraic group Γ over a field K is a smooth closed subgroup scheme of GL N over K. In particular, the group Γ(K) of its K-points has a faithful finitedimensional representation in a K-vector space. We refer the reader to [Bor91] and [Spr98] for the basics of the theory of linear algebraic groups.
Similarly to the case of an algebraically closed field, many properties of linear algebraic groups are determined by their maximal tori. Note that in general a linear algebraic group Γ over a non-algebraically closed field K may contain non-isomorphic maximal tori, but their dimension still equals the dimension of maximal tori in ΓK, see [Spr98, Theorem 13.3.6(i)] and [Spr98, Remark 13.3.7]; this dimension is called the rank of Γ.
Recall that an element γ ∈ Γ(K) is called semi-simple if its image in GL N (K) is diagonalizable over an algebraic closureK of K. The notion of a semi-simple element is intrinsic, that is, it does not depend on the choice of N and an embedding Γ ֒→ GL N (K), see [Spr98, §2.4] . The main tool that will allow us to apply the results of §3 is the following theorem.
Theorem 4.1 (see [Spr98, Corollary 13.3.8(i)]). Let Γ be a connected linear algebraic group over a field K, and let γ ∈ Γ(K) be a semi-simple element. Then there exists a torus T ⊂ Γ such that γ is contained in T (K).
Corollary 4.2. Let Γ be a connected linear algebraic group over a field K, and let γ ∈ Γ(K) be a finite order element whose order is coprime to the characteristic of K. Then there exists a torus T ⊂ Γ such that γ is contained in T (K).
For anisotropic reductive groups over perfect fields one has a stronger result.
Theorem 4.3 ([BT71, Corollary 3.8])
. Let K be a perfect field, and Γ be a connected anisotropic reductive linear algebraic group over K. Then, for every element γ ∈ Γ(K), there exists a torus T ⊂ Γ such that γ is contained in T (K).
Corollary 4.4. Under the assumptions of Theorem 4.3 the order of every finite order element of Γ(K) is coprime to the characteristic of K.
Proof. By Theorem 4.3 it suffices to prove the assertion in the case when Γ is torus, in which case it is given by Corollary 3.6.
Note that over fields of positive characteristic non-reductive algebraic groups may have unbounded finite subgroups. For instance, the p-torsion subgroup of G a over an infinite field of characteristic p is an infinite dimensional vector space over the field F p of p elements. However, this example is in certain sense the only source of such unboundedness for unipotent groups.
Lemma 4.5. Let K be a field, and let Γ be a unipotent group over K. Then Γ(K) does not contain elements of finite order coprime to the characteristic of K.
Proof. Without loss of generality we may assume that K is algebraically closed. In this case the Lemma follows from a similar assertion for G a together with Lie-Kolchin theorem, which implies that any unipotent group over an algebraically closed field can be obtained as a consecutive extensions of groups isomorphic to G a .
We will need the following auxiliary fact about orders of finite groups with given exponents.
Theorem 4.6 (see [HP76, Theorem 1]). Let n and d be positive integers, and let K be a field. Let G ⊂ GL n (K) be a finite subgroup. If char K > 0, denote by |G| ′ the largest factor of |G| which is coprime to char K; otherwise put |G| ′ = |G|. Suppose that for every g ∈ G, whose order is coprime to the characteristic of K, one has
Now we prove Theorem 1.5.
Proof of Theorem 1.5. Clearly, we may assume that Γ is connected. Note that assertion (i) follows from assertion (ii) and Corollary 4.4. Let Γ be an arbitrary linear algebraic group of rank n, and let γ ∈ Γ(K) be an element of finite order coprime to char K. Then, by Corollary 4.2, the element γ is contained in some subtorus of Γ. Thus, it follows from Corollary 3.6 that the order of γ is bounded by some constant that depends only on n. In other words, there exists a constant d(n), such that for every connected linear algebraic group of rank n and every element γ ∈ Γ(K) of order coprime to char K, one has γ d(n) = 1.
Let ΓK be the algebraic group overK obtained from Γ by the base change, and let ∆K be the unipotent radical of ΓK. (Note that unless K is perfect the group ∆K need not be defined over K.) Then ΓK/∆K is a reductive linear algebraic group overK. Moreover, the group ΓK/∆K has the same rank as ΓK (which is equal to the rank of Γ). Indeed, the rank of a unipotent algebraic group is zero. Hence, the rank of ΓK/∆K is greater than or equal to the rank of ΓK. On the other hand, by [Bor91, Theorem 10.6(4)], every extension of a torus by a unipotent group admits a section, which means that the rank of ΓK is greater than or equal to the rank of the quotient ΓK/∆K. By a theorem of Chevalley (see [Spr98, Theorem 9.6.2]) there are only finitely many isomorphism classes of connected reductive groups of given rank over an algebraically closed field. Every such group is linear, that is, it admits a faithful finite-dimensional representation. Applying this to ΓK/∆K we infer that, there exists a constant N(n), which depends only on n, such that, for every connected linear algebraic group Γ of rank n, the group (ΓK/∆K)(K) admits a faithful representation in an N(n)-dimensional vector space overK:
Composing this embedding with the projection Γ(
whose kernel is contained in ∆K(K). By Lemma 4.5, every element of finite order in ∆K(K) has order divisible by char K. This means that the image φ(G) of a finite subgroup G ⊂ Γ(K) in GL N (n) (K) has order divisible by the largest factor |G| ′ of |G| coprime to char K; in particular, if char K = 0, then G projects isomorphically to (ΓK/∆K)(K). Therefore, assertion (ii) is implied by Theorem 4.6 applied to φ(G).
Varieties with zero irregularity
In this section we study automorphism groups of varieties with zero irregularity and prove Theorem 1.6. In general, such groups can be very far from linear algebraic groups. For instance, there exists a surface Z that is a blow up of a K3 surface such that Aut(Z) is a discrete infinitely generated group, see [DO17] . However, we will see below that on the level of finite subgroups the difference is not so large.
We start with a few general auxiliary facts. Given a scheme S and a locally free sheaf E on S, we denote by PGL(E) the group scheme over S of projective linear automorphisms of E, that is, the group scheme Aut(Proj(S • E)) of automorphisms (over S) of the relative projective space. Thus, over an open subscheme U ⊂ S, over which E is free of rank n, the group scheme PGL(E) is isomorphic to PGL n ×U. The following observation is well known.
Lemma 5.1. Let S be a locally Noetherian scheme, and let π : X → S be a flat projective morphism with geometrically connected fibers. Let L be a line bundle over X that is very ample relative to S. Assume that R m π * L = 0, for every m > 0. Then the coherent sheaf E = π * L is locally free and the functor that carries a S-scheme T to the group of automorphisms φ : X × S T → X × S T over T , such that Zariski locally over T the line bundle φ * pr * X L is isomorphic to pr * X L, is representable by a closed group subscheme Aut(X , L) of PGL(E).
Proof. The coherent sheaf E is locally free by the base change theorem (see e.g. [Mum70, §5] ) and the vanishing of the higher direct images R m π * L. It also follows from the same theorem that, for every scheme T over S with a structure morphism g : T → S, we have
Let i : X ֒→ Proj(S • E) be the embedding defined by L. We claim that the functor carrying an S-scheme T to the subgroup G(T ) ⊂ PGL(E)(T ) of automorphisms of Proj(S • E) × S T preserving the closed subscheme
is represented by a closed subgroup scheme G of PGL(E). Indeed, the image of i is given by a sheaf I • of graded ideals in S • E. For sufficiently large m, the O S -submodule I m ⊂ S m E is locally a direct summand. Thus, I
m determines an S-point of the relative Grassmannian associated to S m E. The group G(T ) consists of the elements of PGL(E)(T ) which preserve I m ⊂ S m E for all sufficiently large m. Thus, our subgroup G ⊂ PGL(E) can be defined as the stabilizer of a point in the (infinite) product of relative Grassmann schemes Gr(S m (E)) under the action of PGL(E). Alternatively, G can be described as the stabilizer in PGL(E) of the point of the Hilbert scheme Hilb(Proj(S • E)) determined by the embedding i : X ֒→ Proj(S • E). We claim that G represents the functor defined in the assertion of the lemma, that is, one has Aut(X , L) ∼ = G. Let T and φ be as in the assertion of the lemma, and let g : T → S be the structure morphism. Choose, Zariski locally on T , an isomorphism 
Thus, α is well defined locally on T up to multiplication by an invertible function. Hence, the T -valued point of Aut(X , L) does not depend on the choice of α and is defined on the whole T . We leave it to the reader to check that the constructed morphism of functors is an isomorphism.
We will need the following boundedness result on the Picard groups.
Lemma 5.2. Let S be a Noetherian scheme, and let π : X → S be a flat projective morphism with geometrically reduced and geometrically irreducible fibers. Suppose that for every point s ∈ S the irregularity of the fiber X s is zero. Then the minimal number of generators of Pic(X s ) and the order of the torsion subgroup in Pic(X s ) are both bounded by a constant that depends only on X .
Proof. Lets be a geometric point of S lying over s (in particular, if the residue field of s is algebraically closed, thens = s).
Note that the pullback morphism Pic(X s ) → Pic(Xs) is injective (see for instance [Stack, Lemma 32.30 .3]). Next, by a result of Grothendieck [Kle05, Theorem 9.4.8], the group Pic(Xs) can be identified with the group of closed points of the Picard group scheme Pic(Xs). By [Kle05, Theorem 9.5.11], the Lie algebra of Pic(Xs) is isomorphic to H 1 (Xs, O Xs ). The latter space is zero by our assumption. Therefore, the homomorphism from the Picard group of the fiber X s to the group of connected components of the Picard scheme of the corresponding geometric fiber Xs is injective. Thus, our result follows from the boundness of the latter [Kle71, Theorem 5.1].
In a particular case when S is a point, Lemma 5.2 gives a well-known assertion that the Picard group of a variety with zero irregularity is finitely generated. . Let X be a geometrically reduced and geometrically irreducible projective variety over an arbitrary field. Suppose that the irregularity of X equals 0. Let Γ Pic be the kernel of the action of Aut(X) on the Picard group Pic(X). Then there is a constant Ξ that depends only on the (minimal) number of generators of Pic(X) and the order of the torsion subgroup in Pic(X), such that for every finite subgroup G ⊂ Aut(X) the intersection G ∩ Γ Pic has index at most Ξ in G.
Proof. In our case Pic(X) is a finitely generated abelian group by Lemma 5.2. Thus, Theorem 3.1 implies that the automorphism group of Pic(X) has bounded finite subgroups. This means that the orders of all finite subgroups in the quotient group Aut(X)/Γ Pic ֒→ Aut Pic(X) are also bounded by some constant Ξ that depends only on Pic(X). Now we are ready to prove Theorem 1.6.
Proof of Theorem 1.6. Since S is Noetherian, arguing by induction it suffices to prove the theorem for the restriction of π to a non-empty open subscheme of S. Thus, by generic flatness (see [Nit05, Theorem 5 .12]), we may assume that π is flat. Choose a line bundle L on X that is very ample relative to S. Replacing if necessary L by its power L N , we may assume that the higher direct images R j π * L vanish for all j > 0. Then, by Lemma 5.1,
be the closed subgroup scheme from Lemma 5.1. By generic flatness we may assume that Aut(X , L) is flat over S. By [Stack, Lemma 36.25 .7] the number of connected components of the fibers of the morphism Aut(X , L) → S is bounded. In fact, it follows from [Stack, Lemma 36.25 .7] that after shrinking S we have a short exact sequence
where Aut • (X , L) is a flat group scheme with connected fibers and C is a finiteétale group scheme over S.
For s ∈ S(K), let Γ Pic (X s ) be the kernel of the action of Aut(X s ) on Pic(X s ). Let
In particular, by Lemmas 5.2 and 5.3 there exists a constant Θ such that for every finite subgroup G ⊂ Aut(X s ), the index of the intersection G ∩ G s (K) in G is at most Θ. Thus, to prove the theorem it is enough to bound the orders of finite subgroups in G s (K). Keeping in mind the exact sequence (5.4), we see that it is actually enough to bound the orders of finite subgroups of the group G 
is the connected component of identity in G s . Moreover, by Lemma 2.1 we may assume that G
• s is anisotropic, and by Corollary 2.2 we may assume that G
• s is reductive. Now we win by Theorem 1.5(i).
Severi-Brauer varieties
In this section we describe automorphism groups of Severi-Brauer varieties and prove Propositions 1.8 and 1.9. We refer the reader to [Ar82] for the definition and basic facts concerning Severi-Brauer varieties.
Let A be a central simple algebra of dimension n 2 over an arbitrary field K, and X be the corresponding Severi-Brauer variety of dimension n − 1. As usual, for a field extension K ⊃ K we denote by A * (K) the multiplicative group of invertible elements in A ⊗ K K. In particular, one has A * (K sep ) = GL n (K sep ). If A is a division algebra, then
The following fact is well known to experts (cf. Theorem E on page 266 of [Ch44] , or [Ar82, §1.6.1]), but for the reader's convenience we provide a proof.
Proof. Recall that the scheme X represents the functor that takes a scheme S over K to the set of right ideals I in the sheaf of algebras A ⊗ K O S which are locally free of rank n as O S -modules and are locally direct summands, that is,
The action of the group A * (K) on A by conjugation induces an action of A * (K) on the above functor and thus, by Yoneda Lemma, on X. Obviously, the action of the central subgroup K * ⊂ A * (K) is trivial on A and on X. This gives a homomorphism of groups
Recall that
Ksep is the Severi-Brauer variety associated with the split central simple algebra
Here, for a group C with an action of Γ, we write C Γ for the subgroup of Γ-invariant elements. The homomorphism
is an isomorphism. Thus, the lower horizontal arrow in the diagram is also an isomorphism. In addition, the vertical arrows are injections. Hence, to complete the proof it suffices to show that the morphism
the exact sequence of groups with Γ-action
sep → 1 gives rise to the exact sequence of Galois cohomology groups
The latter cohomology group vanishes by Hilbert's Theorem 90, and the assertion of the lemma follows.
Remark 6.2. The above argument can be restated as follows: let A * be the algebraic group whose S-points are invertible elements in the algebra A ⊗ K O S . There is a natural embedding G m → A * and the quotient group scheme is identified with the group scheme Aut(X). Hilbert's Theorem 90 implies that the group of K-points of the quotient
Lemma 6.3. Let K be a field that contains all roots of 1. Let A be a central simple algebra of dimension n 2 over a field K, and let x be an element of A * (K) whose image in A * (K)/K * has finite order. Then the minimal polynomial f (y) ∈ K[y] of x has the form
for some positive integer r that divides n and some a i ∈ K. In particular, if A is a division algebra, then the order of the image of x in A * (K)/K * divides n.
Proof. We know that for some positive integer m, the element a = x m is contained in K
. Consider the extension F = K(α) ⊃ K. Since K contains all roots of 1, the extension F is the splitting field of the polynomial y r − b. If the characteristic of K does not divide r, then F is separable over K . We have an injective (Kummer) homomorphism Gal(F/K) ֒→ µ r to the cyclic group of r-th roots of 1 which sends g ∈ Gal(F/K) to
. If µ r ′ ⊂ µ r is its image, then α r ′ is invariant under the action of the Galois group and, thus, belongs to K. Therefore, one has r = r ′ = [F : K]. This implies that y r − b is irreducible in K[y]. If K has positive characteristic p which divides r, write r = p k m with m coprime to p. The subfield K(α p k ) ⊂ F is the splitting field of the separable polynomial y m − b, which, by the previous argument, is irreducible over K. On the other hand, K(α m ) ⊂ F is the splitting field of the polynomial
which is also irreducible over K. Since the extension K ⊂ K(α p k ) is separable and the extension K ⊂ K(α m ) is purely inseparable, the degree of their composite is equal to the product
Hence, the degree of F over K is at least r, and therefore y r − b is irreducible in K[y]. Since the minimal polynomial f (y) of x divides y m − a, each of its irreducible factors also has the form y r − b for some integer r which divides m and b ∈ K such that b m r = a. We need to show that r divides n. Consider the subalgebra
By definition of the minimal polynomial, the algebra R is isomorphic to the quotient K[y]/(f (y)). If y r − b is an irreducible factor of f (y) then, using the assumption that K contains all roots of 1 and the Chinese Remainder theorem, there exist an integer e and a unital monomorphism
If the characteristic of K does not divide r, then by Hensel's lemma the projection
splits, and thus A contains a subfield isomorphic to K[y]/(y r − b). On the other hand, the degree [F : K] of any subfield F ⊂ A divides n. Indeed, the central simple algebra A ⊗ K F over F acts on the F -vector space A. Hence, [F : K] = dim F A is divisible by n. Therefore, we see that r divides n.
If
. Therefore, m divides n. Next, the algebra A ⊗ K K sep splits and thus has a representaion of dimension n over K sep . On the other hand, R ⊗ K K sep contains a subalgebra of the form Theorem 4.6 implies the following result about orders of finite groups with given exponents.
Lemma 6.5. Let n and d be positive integers, and let K be a field such that char K does not divide d. If char K > 0, denote by n ′ the largest factor of n which is coprime to char K; otherwise put n ′ = n. Let G ⊂ PGL n (K) be a finite subgroup. Suppose that for every g ∈ G one has
Moreover, if n = d = 3 and char K = 0, then |G| 27.
Proof. We can assume that the field K is algebraically (or separably) closed. LetG ⊂ SL n (K) be the preimage of G with respect to the natural projection φ : SL n (K) → PGL n (K). The kernel of φ is a cyclic group of order n ′ that consists of scalar matrices. Thus, for every g ∈G, one has g n ′ d = 1 and |G| = n ′ |G|. Let µ n ′ d ⊂ GL n (K) be the subgroup of scalar matrices whose order divides n ′ d. Consider the subgroupGµ n ′ d ⊂ GL n (K) generated byG and µ n ′ d . The order of any of its elements still divides n ′ d. Thus, by Theorem 4.6, we have
On the other hand, we also have
and the first assertion of the lemma follows.
If n = d = 3, then |G| = 3 r for some r, so that the second assertion of the lemma follows from the classification of finite subgroups of PGL 3 (K) over a field of characteristic zero, see [Bli17,  Chapter V]. Now we are ready to prove Proposition 1.8.
Proof of Proposition 1.8. Suppose that A is a division algebra. Let g ∈ Aut(X) be an element of finite order. We claim that g n = 1. Indeed, by Lemma 6.1 the element g corresponds to some invertible element x of A (defined up to K * ). Since A is a division algebra, the minimal polynomial of x must be irreducible over K. By Lemma 6.3, the minimal polynomial of x has the form y r − a for some a ∈ K * and some r which divides n. Furthermore, one has
Therefore, by Lemma 6.5 we have |G| n 2(n−1) in general, and also |G| 27 in the case when char K = 0 and n = 3. Moreover, every central simple algebra of dimension n 2 is a division algebra provided that n is a prime number. This proves assertions (ii) and (iii). Now suppose that A is not a division algebra. Then
for some 2 m n, where Mat m (K) denotes the algebra of m × m-matrices. Thus A contains Mat m (K) as a subalgebra. Since the field K contains roots of 1 of arbitrarily large degree, we see from Lemma 6.1 that the group Aut(X) contains elements of arbitrarily large finite order. This completes the proof of assertion (i).
Remark 6.6. Let K be a perfect field of positive characteristic p, and let A be a division algebra of dimension n 2 over K. Then p does not divide n. Indeed, the Frobenius morphism Fr :K * →K * is an isomorphism and, hence, the Brauer group
of K has no p-torsion elements. Therefore, our claim follows from the fact that, over any field, the dimension of a central division algebra and the order of its class in the Brauer group have the same prime factors (see for instance [Lieb08, Lemma 2.1.1.3]).
Remark 6.7. Let A be a central simple algebra over a field K. Denote by A * the algebraic group whose S-points are invertible elements in the algebra A ⊗ K O S . We have a natural embedding G m ֒→ A * induced by the homomorphism O *
The quotient group scheme A * /G m is anisotropic if and only if A is a division algebra (see, for instance, [Bor91, §23.1]). In particular, if K is perfect, then Proposition 1.8(i) follows from Theorem 1.5 applied to the reductive group A * /G m .
The restriction on the characteristic of K in Proposition 1.8 is essential for validity of the statement.
Example 6.8. Let F be a field of characteristic p > 0, and let K = F (x, y) be the field of rational functions in two variables, so that K is a non-perfect field of characteristic p. Let A be an algebra over K with generators u and v and relations
Then A is a central division algebra of dimension p 2 over K. This is a special case of the Azumaya property of the ring of differential operators in characteristic p (see [BMR08, Theorem 2.2.3]) but can be also checked directly. The group
* as a subgroup. The latter is an infinite dimensional vector space over the field F p of p elements. In particular, for p = 2 this construction provides a conic C over a non-perfect field of characteristic 2 such that C is acted on by elementary 2-groups of arbitrary order. Now we prove Proposition 1.9.
Proof of Proposition 1.9. By Lemma 6.1 we have Aut(X) ∼ = A * (K)/K * . Recall the reduced norm homomorphism:
Norm :
One has Norm(cx) = c n Norm(x) for every c ∈ K * and x ∈ A * (K). Hence, Norm induces a homomorphism (6.9)
where (K * ) n ⊂ K * is the subgroups of n-th powers. Composing homomorphism (6.9) with the projection
Let Γ(A) be the kernel of homomorphism (6.10). We claim that the order of every element of Γ(A) of finite order divides n ′ . Indeed, if n = n ′ , this follows from Proposition 1.8(ii). Hence, we may assume that m > 0. By Lemma 6.3, the order of every element of Γ(A) of finite order divides n. Thus, it suffices to check that Γ(A) has no elements of order p. Assuming the contrary, let g ∈ Γ(A) be an element of order p, and let x be its preimage in A * (K). Then x p = a for some a ∈ K * . Since a does not belong to (
On the other hand, we have Norm(x) = a n p . Thus, Norm(x) is not equal to 1 in K * /(K * ) p m , that is, g does not belong to Γ(A), which gives a contradiction.
It follows that for every finite subgroup H ⊂ Γ(A), one has |H| n ′ 2(n−1) . The proof repeats verbatim the proof of the corresponding estimate from Proposition 1.8(ii), using the above multiplicative bound on the orders of finite order elements of Γ(A). Now let G ⊂ A * (K)/K * be a finite subgroup. Set H = G ∩ Γ(A). Then H is normal and the quotient G/H is a subgroup of K * /(K * ) p m . Moreover, a p-Sylow subgroup of G must project isomorphically to G/H. Thus, G is isomorphic to a semi-direct product of H and G/H.
We conclude this sections with a few further remarks on division algebras over a field of characteristic p.
Lemma 6.11. Let A be a division algebra of dimension n 2 over a field K of finite characteristic p that contains all roots of 1. Then the group A * (K)/K * has bounded finite subgroups if and only if every element of v ∈ A is separable over K, that is, the field extension
which is a purely inseparable extension of K of degree p. Then every non-trivial element of the group L * /K * has order p. Since |L * /K * | = ∞, we conclude that the group L * /K * ⊂ A * (K)/K * has unbounded finite subgroups. Conversely, suppose that every element of A is separable over K. Denote by n ′ the largest factor of n which is coprime to char K. Then by Lemma 6.3, for every element v ∈ A * (K) whose image in A * (K)/K * has finite order, one has v n ′ ∈ K * (otherwise v n ′ would be inseparable over K). Hence, the assertion follows from Lemma 6.5.
There are examples of division algebras of dimension p 4 over a field K of characteristic p such that all their elements are separable over K. On other hand, we do not know if it is true that every division algebra A of dimension p 2 over a field K of characteristic p contains an element v ∈ A which is inseparable over K. We refer the reader to [ABGV11, §1] for a further discussion of this problem and references therein. The following result shows that the division algebra in Example 6.8 provides a universal example of a division algebra of dimension p 2 over a field of characteristic p which contains an inseparable element.
Lemma 6.12 (cf. "Albert's cyclicity criterion", [Alb61, Theorem XI.4.4]). Let A be a division algebra of dimension p 2 over a field K of finite characteristic p.
(i) The following conditions are equivalent.
(1) A contains an element v ∈ A which is inseparable over K.
(2) A is generated by two elements v, u ∈ A such that v p , u p ∈ K and vu −uv = 1. (3) A contains a subfield L ⊂ A that is a Galois extension of K of degree p.
(ii) If p = 2 or p = 3, then every division algebra A of dimension p 2 over a field K of characteristic p contains an element v ∈ A which is inseparable over K. In partucular, for every Severi-Brauer variety X of dimension p − 1 over an infinite field K of characteristic p, the group Aut(X) has unbounded finite subgroups.
Proof. The equivalence of conditions (1) and (3) is due to Albert [Alb61] .
Let us show that condition (1) implies condition (2). Suppose that an element v ∈ A is inseparable over K. Consider the linear map ad v : A → A, which takes an element w ∈ A to the commutator vw − wv. Since v p ∈ K, we see that (ad v) p = ad v p = 0. On the other hand, the kernel of ad v has dimension p over K. Hence, the image of ad v is equal to the kernel of (ad v) p−1 . In particular, the element 1 is in the image of ad v. Thus, there exists an element u ∈ A such that vu − uv = 1. Let
be the minimal polynomial for u. Applying the operator ad v to the equality
which is impossible unless a p−1 = . . . = a 1 = 0. Thus, we have u p ∈ K. To prove that condition (2) implies condition (3), assume that v, u ∈ A are as in (2). Then one can easily check (or deduce from [BMR08, Lemma 1.3.1]) that
Thus, the subfield K(uv) ⊂ A is a Galois extension of K. Finally, assume that a subfield L ⊂ A is a Galois extension of K. Its Galois group is a cyclic group of order p. Let σ be its generator. By the Skolem-Noether theorem the action of σ on L extends to an inner automorphism of A given by an element v ∈ A, that is,
Since L is separable over K, the element v p is, in fact, contained in K. This completes the proof of assertion (i).
To prove assertion (ii), recall that every division algebra of dimension p 2 contains a subfield L ⊂ A of degree p over K, which is separable over K. If p = 2, then any such subfield is a Galois extension of K. For p = 3, existence of a subfield L ⊂ A that is a Galois extension K of degree p was proved in [Wed21] . The last assertion follows from Lemmas 6.1 and 6.11.
Conic bundles
In this section we study groups acting on conic bundles. Some of the minor auxiliary assertions below will be valid over arbitrary fields, but in spite of this we will always assume that the base field is perfect, to make sure that Galois-invariant objects are defined over the base field and thus to make the arguments more transparent.
By a conic bundle we will mean a smooth projective geometrically irreducible surface X with a morphism φ : X → C to a smooth curve C such that everything is defined over some field K and every fiber of φK is isomorphic to a (possibly reducible) conic in P 2 ; note that the fibers are reduced due to the assumption that S is smooth. By the discriminant locus of φ we mean the complement to the maximal open subset of C over which the morphism φ is smooth; this set is defined over K. We say that φ is relatively minimal if rk Pic(X) − rk Pic(S) = 1.
Let φ : X → C be a conic bundle, and G be a group acting by birational automorphisms of X such that φ is G-equivariant. Then there is an exact sequence of groups
where the action of G φ is fiberwise with respect to φ, and G C ⊂ Aut(C). The group G φ can be also considered as a subgroup of Aut(X η ), where X η is a schematic general fiber of φ.
Remark 7.2 (cf. [Pro17, Corollary 3.3.6]). In the above notation, let Ω ⊂ C be the discriminant locus of φ, and suppose that φ is relatively minimal. Suppose also that the base field has characteristic different from 2. Then the group G C preserves Ω. This is obvious in the case when G acts by biregular transformations of X, and follows from explicit computations of the action of G on the quadratic form that defines the schematic general fiber of φ in the general case. We refer the reader to [Pro17, Lemma 3.3.5] for details.
The following assertion is well known to experts (see [Isk96, §1.1]), but we provide its proof for the reader's convenience. Lemma 7.3. Let K be a perfect field. Let C be a conic, and φ : X → C be a conic bundle over K. The following assertions hold.
(i) If XK is isomorphic to P 1 × P 1 , then X ∼ = C × C ′ for some conic C ′ , and φ is the projection to the first factor.
(ii) If φ is smooth and does not have sections, then X ∼ = C × C ′ for some conic C ′ , and φ is the projection to the first factor.
Proof. Suppose that XK ∼ = P 1 × P 1 . Since XK has exactly two extremal contractions, and one of them is defined over K by assumption, the other one is defined over K as well, which implies assertion (i).
Suppose that φ is smooth, so that every fiber of φK is irreducible. Then XK is a P 1 -bundle over P 1 , hence it is isomorphic to one of the surfaces
overK. If n 1, then φK has a unique section D with negative self-intersection, which is thus defined over K and provides a section of φ. Thus, we have n = 0. We conclude that XK ∼ = P 1 × P 1 , so that X ∼ = C × C ′ for some conic C ′ by assertion (i). This proves assertion (ii).
Remark 7.4. Let φ : X → C be a conic bundle over a perfect field K such that φ has a unique geometrically reducible fiber. Then this fiber is Galois-invariant, and its unique singular point is Galois-invariant as well. Thus, X has a K-point in this case.
For Severi-Brauer curves, Proposition 1.8 provides the following generalization of Theorem 1.1.
Corollary 7.5. Let K be either a perfect field, or a field of characteristic different from 2. Suppose that K contains all roots of 1. Let C be a conic over K with C(K) = ∅. Then every non-trivial element of finite order in Aut(C) has order 2, and every finite subgroup of Aut(C) has order at most 4.
Proof. If K is perfect, then char K = 2 by Remark 6.6. Thus, the assertion follows from Proposition 1.8(ii).
Lemma 7.6. Let K be a perfect field that contains all roots of 1. Let C be a conic over K with C(K) = ∅, and φ : X → C be a conic bundle over K. Suppose that φ has no sections. Let G be a finite group acting by birational automorphisms of X such that φ is G-equivariant. Then |G| 16.
Proof. Since K is perfect, one has char K = 2 by Remark 6.6.
We use the exact sequence (7.1). The group G φ is a subgroup of Aut(X η ), where X η is a schematic general fiber of φ. Since φ has no sections, the conic X η has no points over the function field K(C). Therefore, one has |G φ | 4 by Corollary 7.5. (Note that the field K(C) is not perfect if the characteristic of K is positive, but the characteristic of K(C) is still different from 2 by assumption!) Similarly, since the conic C has no K-points, we also have |G C | 4 by Corollary 7.5. Hence |G| = |G φ | · |G C | 16.
Remark 7.7. Let C be a conic over a field K. Then the diagonal in X = C × C provides a section of the projection φ : X → C on the first factor. This means that X is birational to C × P 1 . So the group of birational automorphisms of X has unbounded finite subgroups provided that the field K contains all (or at least an infinite number of) roots of 1, and the assertion of Lemma 7.6 fails in this case. Note that X can be embedded as a quadric into P 3 , see [Lied17, Proposition 5.2(1)]. We will see below in Corollary 7.8 that if C(K) = ∅, then the group Aut(X) still has bounded finite subgroups provided that K is a perfect field that contains all roots of 1.
Corollary 7.5 immediately implies the following.
Corollary 7.8. Let K be a perfect field that contains all roots of 1. Let C and C ′ be conics over K without K-points, and put X = C × C ′ . Then every finite subgroup of Aut(X) has order at most 32.
Proof. Let G be a finite subgroup of Aut(X). Then G acts on the set of extremal rays (of the cone of effective 1-cycles) of X. In particular, G has a subgroupḠ of index at most 2 that preserves both extremal contractions from X, i.e., the projections from X to both factors. We conclude thatḠ is a subgroup of Aut(C) × Aut(C ′ ). Thus the assertion follows from Corollary 7.5.
It appears that in certain cases conic bundles over P 1 behave similarly to those over conics without points, and the following assertion analogous to Lemma 7.6 holds.
Lemma 7.9. Let K be a perfect field of characteristic different from 2 that contains all roots of 1. Let φ : X → P 1 be a relatively minimal conic bundle over K without sections. Suppose that φK has exactly two reducible fibers over some points O 1 , O 2 ∈ P 1 K , and that the points O 1 and O 2 are Gal(K/K)-conjugate. Let G be a finite group acting by birational automorphisms of X such that φ is G-equivariant. Then |G| 16.
Proof. We use the exact sequence (7.1) in the same way as in the proof of Lemma 7.6. The group G φ acts by automorphisms of a conic over the function field K(P 1 ) that has no K(P 1 )-points, and thus |G φ | 4 by Corollary 7.5. On the other hand, by Remark 7.2 the group G C is contained in the automorphism group of the affine curve
By Corollary 3.8 this gives |G C | 4, so that |G| = |G φ | · |G C | 16.
The following result is also well-known (see [Isk96, §4.7] or [Pro17, Proposition 5.2]), but we provide its proof for completeness.
Lemma 7.10. Let K be a perfect field. Let C be a conic, and φ : X → C be a conic bundle over K such that φK has exactly two reducible fibers. Suppose that φ has no sections. Then X is a del Pezzo surface with K 2 X = 6. Proof. Contracting one irreducible component of each reducible fiber on XK we obtain a conic bundle φ ′ : X ′ → P 1 overK that has no reducible fibers. Thus
for some n 0, and XK is obtained from X ′ by blowing up two points P 1 and P 2 not contained in one fiber of φ ′ . Suppose that n 1. Denote by D the unique section of φ ′ with negative selfintersection. LetD be its proper transform on XK, so thatD is a section of φK. Note that any section of φ ′ except D has self-intersection at least n. If n 2, or if n = 1 and at least one of the points P 1 and P 2 is contained in D, thenD is the only section of φK with negative self-intersection; hence it is Galois-invariant, which gives a contradiction. Thus we see that n = 1 and none of the points P 1 and P 2 is contained in D, which means that XK, and thus also X, is a del Pezzo surface. Now suppose that n = 0. If P 1 and P 2 are contained in one section D of φK with self-intersection 0, then the proper transform of D on XK is the only section of φK with negative self-intersection, which gives a contradiction. Thus we conclude that P 1 and P 2 are contained in different sections of φK with self-intersection 0, which implies that XK, and thus also X, is a del Pezzo surface.
The equality K 2 X = 6 follows from Noether's formula. Corollary 7.11. Let K be a perfect field of characteristic different from 2 that contains all roots of 1. Let C be a conic, and φ : X → C be a relatively minimal conic bundle over K such that φK has exactly two reducible fibers. Suppose that φ has no sections. Let G be a finite group acting by birational automorphisms of X such that φ is G-equivariant. Then |G| 16.
Proof. If C(K) = ∅, then the assertion follows from Lemma 7.6. Therefore, we will assume that C ∼ = P 1 . Moreover, if the images of the reducible fibers of φK are Gal(K/K)-conjugate, the assertion follows from Lemma 7.9. Therefore, we will assume that both points in the discriminant locus Ω of φ are defined over K. We claim that under such assumptions X is birational to P 1 × C ′ for some conic C ′ , so that this case does not arise. We know from Lemma 7.10 that X is a del Pezzo surface with K 2 X = 6. Let Z ⊂ X be the union of all (−1)-curves on X (defined overK). Then Z is defined over K. Put U = X \ Z. The open subset U is a torsor under some two-dimensional torus T , which can be seen from a construction of XK as a blow up of three points on P 2 . The restriction of φ to U provides a morphism
One can check that there is a one-dimensional subtorusS in TK such that πK is the geometric quotient of UK byS; this follows for instance from a description of XK as a toric variety. Now Corollary 2.5 implies that U, and thus also X, is birational to P 1 × C ′ for some conic C ′ , which is a contradiction.
Remark 7.12. Relative minimality in Corollary 7.11 can be deduced from the remaining assumptions.
While conic bundles that have few reducible fibers overK and have no K-points may possess non-trivial birational properties, those with K-points are easy to understand due to the following general result.
Theorem 7.13 (see [Isk96, §4] ). Let K be a perfect field, and let X be a smooth projective geometrically rational surface over K. Suppose that X(K) = ∅. The following assertions hold.
(
(ii) If X has a structure of a relatively minimal conic bundle and K 2 X 4, then X is not rational.
Corollary 7.14. Let K be a perfect field of characteristic different from 2 that contains all roots of 1. Let C be a conic, and φ : X → C be a conic bundle over K such that φK has at most two reducible fibers. Suppose that φ has no sections. Let G be a finite subgroup acting by birational automorphisms of X so that φ is G-equivariant. Then |G| 16.
Proof. The surface X has no K-points, since otherwise it is rational by Theorem 7.13(i). Also, our assumptions imply that the morphism φ has no sections.
Let m be the number of reducible fibers of φK. If m = 2, then the assertion follows from Corollary 7.11. By Remark 7.4 we have m = 1. Thus we can assume that m = 0, so that by Lemma 7.3(ii) one has X ∼ = C × C ′ for some conic C ′ , and φ is the projection to the first factor. In this case the conic C has no K-points, and the assertion follows from Lemma 7.6. Lemma 7.15. Let K be a perfect field of characteristic different from 2 that contains all roots of 1. Let C be a conic, and φ : X → C be a conic bundle over K. Let G ⊂ Aut(X) be a finite group such that φ is G-equivariant. Suppose that φ has no sections. Suppose also that there is a (closed) finite subset Ω ⊂ C such that |ΩK| = m 3, and φ
Proof. There is an exact sequence of groups (7.1), where
The set Ω is G C -invariant, so that the estimate |G C | m! holds. On the other hand, the group G φ is a subgroup of Aut(X η ), where X η is a schematic general fiber of φ. Since φ has no sections, the conic X η has no points over the function field K(C). Therefore, one has |G φ | 4 by Corollary 7.5.
Remark 7.16. If in the assumptions of Lemma 7.15 we also suppose that the conic bundle φ is relatively minimal, and Ω is taken to be the discriminant locus of φ, then the assertion of the lemma holds for any finite group G acting by birational automorphisms of X so that φ is G-equivariant. This follows from Remark 7.2.
We conclude this section by recalling that relatively minimal conic bundles with many geometrically reducible fibers are known to have few birational models.
Theorem 7.17 (see [Isk96, Theorem 1.6(iii)]). Let K be a perfect field. Let X and X ′ be smooth projective geometrically rational surfaces over K, and X → B and X ′ → B ′ be relatively minimal conic bundles. Suppose that X and X ′ are birational, and
Proof of the main theorem
In this section we prove Theorem 1.3 and Corollary 1.4, and provide a counterexample to Theorem 1.3 over a perfect field of characteristic 2. We start by observing that Theorem 1.6 applied to del Pezzo surfaces implies the following result (which is a particular case of Example 1.7, cf. Proposition 1.11).
Corollary 8.1. Let K be a perfect field that contains all roots of 1. Then there exists a constant δ with the following property. Let X be a smooth del Pezzo surface over K such that X is not birational to P 1 × C, where C is a conic. Then every finite subgroup of Aut(X) has order at most δ. Now we are ready to prove our main result.
Proof of Theorem 1.3. The proof is similar to that of Theorem 1.2, see [PS16b, §2] . If X is birational to P 1 × C, then the assertion is clear. Thus we will assume that X is not birational to such a surface.
Let G be a finite group acting by birational automorphisms of X. Replace X with its G-minimal model Y . Then Y is either a G-del Pezzo surface (not necessarily minimal if we drop the action of G and consider only the action of the Galois group), or a G-conic bundle (again not necessarily relatively minimal if we drop the action of G), see [Isk80] . In the former case the order of G is bounded by some universal constant due to Corollary 8.1. So we can assume that there is a structure φ : Y → C of a G-conic bundle over some conic C.
Let ∆ ⊂ C be the discriminant locus of φ. Every fiberF i of φK over a point of ∆K has the formF
are (−1)-curves meeting transversally at one point. Relabelling the fibers if necessary, we may assume thatF 1 , . . . ,F m are fibers whose irreducible components are Gal(K/K)-conjugate, andF m+1 , . . . ,F n are ones whose irreducible components are not Gal(K/K)-conjugate. Let Ω be the subset of CK that consists of the images of the fibersF 1 , . . . ,F m . Then Ω is a closed subset of C defined over K, and φ −1 (Ω) is G-invariant. Moreover, if we discard the action of G, then Y becomes birational to a relatively minimal conic bundle φ ′ : Y ′ → C such that φ ′ has m geometrically reducible fibers exactly over the points of Ω (so that Ω is the discriminant locus of φ ′ ). Note that the group G acts by birational automorphisms of Y ′ so that φ ′ is G-equivariant. Therefore, applying Corollary 7.14 to the conic bundle φ ′ we deduce the assertion of the theorem in the case m 2. Therefore, we may assume that m 3. Now applying Lemma 7.15 to the conic bundle φ (or applying Remark 7.16 to the conic bundle φ ′ ), we see that the estimate |G| 4m! holds. We conclude that the only way how the group of birational automorphisms of X can have unbounded finite subgroups is that there is a sequence of finite groups G j acting by birational automorphisms of X, such that G j have unbounded order, the action of G j is regularized on a conic bundle φ j : Y j → C j , the morphism (φ j )K has m j reducible fibers whose irreducible components are Galois-conjugate, and m j is unbounded. However, Theorem 7.17 implies that for m j 8 the number m j is a birational invariant of Y j , and thus also of X, which shows that this situation is impossible.
Remark 8.2. If a smooth projective variety X over a field K is birational to P 1 × Y for some smooth projective variety Y , and X has no K-points, then P 1 × Y , and thus also Y , has no K-points as well. Indeed, having K-points is a birationally invariant property for smooth proper varieties by the theorem of Lang and Nishimura, see for instance [Kol96, Proposition IV.6.2]. In particular, if K is a perfect field of characteristic different from 2 that contains all roots of 1, and X is a smooth geometrically rational surface over K that has a K-point, then by Theorem 1.3 the surface X is birational to a surface Y ∼ = P 1 × C for some conic C, and the surface Y has a K-point. The latter implies that C has a K-point as well, so that C ∼ = P 1 and X is rational. Thus, Theorem 1.3 implies a generalization of Theorem 1.2 for the fields K with the above properties. Now we prove Corollary 1.4.
Proof of Corollary 1.4. Suppose that the group of birational automorphisms of X has unbounded finite subgroups. Then by Theorem 1.3 the surface X is birational to a surface Y ∼ = P 1 × C for some conic C. Since P 1 has a K-point, and C has a point defined over a quadratic extension of K, we conclude that Y has a point defined over a quadratic extension of K as well. Therefore, the same holds for X by the theorem of Lang and Nishimura. However, a Severi-Brauer surface with a point defined over a quadratic extension is isomorphic to P 2 , so we obtain a contradiction.
Note that there is a description of birational automorphism groups of Severi-Brauer surfaces via their generators and relations, see [IT91, §3] . We do not know whether it can be used to prove Corollary 1.4.
Below, we will give an example showing that Theorem 1.3 fails over perfect fields of characteristic 2. We start with the following general construction.
Lemma 8.3. Let K be a perfect field of characteristic p > 0, let ∆ ⊂ P 1 (K) be a finite subset consisting of more than one point, and let Y = P 1 \ ∆. Assume that K admits a Galois extension of degree p and either p = 2 or the cardinality of ∆ is even. Then the following assertions hold.
(i) There exists an element α ∈ Br(Y ) of order p in the Brauer group of Y which is not contained in the image of the restriction map Br( 
We have an exact sequence of Galois modules
where
is the group of divisors on P 1 supported on ∆ and the last morphism is the degree map. The sequence (8.4) splits as a sequence of Galois modules, that is, it is a direct sum of sequences of Galois modules of length 2. Since (8.4) splits, it remains exact (and split) after passing to Galois cohomology:
Since
Thus, the above exact sequence takes the form
Tensoring this exact sequence (8.4) by Z/pZ and using the vanishing of the p-torsion part of Br(K) (see Remark 6.6), we find the following short exact sequence
where we write Br(Y ) p for the group of p-torsion elements in Br(Y ). Since K has a Galois extension of degree p, the group Hom(Gal(K/K), Z/pZ) is nontrivial (and, thus, it contains a cyclic subgroup of order p). Under our assumptions on p and the cardinality of ∆ we can find an element of
such that each of its components in Hom(Gal(K/K), Z/pZ) is not equal to zero. Let α be the corresponding element of Br(Y ) p . The compatibility of all our constructions with the restriction map Br(P 1 \ ∆ ′ ) → Br(Y ) shows that α is not contained in the image of such map. This proves assertion (i).
To prove assertion (ii), we recall from [OV07, Proposition 4.2] that for every smooth affine scheme Z over a perfect field K of characteristic p > 0 there is a surjective homomorphism Ψ :
which takes a differential form η = xdy to the class of the Azumaya algebra A η generated over O(Z) by elements v and u subject to the relations v p = x, u p = y and vu − uv = 1. This Azumaya algebra has rank p 2 . Applying this to Z = Y and observing that every differential form on Y can be written as xdy for some regular functions x and y on Y (which holds since Y is one-dimensional and ∆ = ∅) we conclude that every p-torsion class in Br(Y ) is represented by an Azumaya algebra of rank p 2 . This proves the existence of an Azumaya algebra A as stated in assertion (ii). Let π : X → Y be the corresponding Severi-Brauer scheme.
Suppose that π ′ : X ′ → Y ′ as in assertion (ii) exists. We may assume that Y ′ = P 1 . Consider the base change π ′K :
. Using Tsen's theorem and the triviality of vector bundles over YK, we conclude that XK, as a scheme over YK, is the product P 1 × YK. But then X ′K is also isomorphic to the product One can verify that the composition
carries a differential form η to its residues (modulo the image of φ) at all points of ∆. This can be used to construct a class α and an Azumaya algebra A satisfying the requirements of Lemma 8.3 explicitly. Namely, take an invertible function f on Y whose order at every point of ∆ is not equal to 0 modulo p, and an element t ∈ K, which is not in the image of the Artin-Schreier homomorphism. Then the class Ψ(t df f ) ∈ Br(Y ) p satisfies the requirements of assertion (i), and the Azumaya algebra A t df f satisfies the requirements of assertion (ii).
Finally, we present a counterexample to Theorem 1.3 over a perfect field of characteristic 2.
Example 8.6. Let k be an algebraically closed field of characteristic 2, and let
that is, K is obtained from k by adjoining all roots of t of degrees 2 r , for all positive integers r. Then K is a perfect field of characteristic 2 and it has a Galois extension of degree 2. Pick a subset ∆ ⊂ P 1 (K) of 4 points. Set Y = P 1 \ ∆, and let X → Y be the smooth conic family from Lemma 8.3(ii). Consider a relatively minimal conic bundle φ :X → P 1 such thatX is a smooth compactification of X. Then φ has degenerate fibers exactly over the points of ∆. This means that K 2 X = 4. Also, we know thatX has a K-point, because every fiber of φ has a K-point (see Remark 6.6). Hence, the surfaceX is not rational by Theorem 7.13(ii). On the other hand, the group of birational selfmaps ofX contains an automorphism group of the schematic general fiberX η of φ, which is a conic over a non-perfect field K(P 1 ) of characteristic 2. The latter automorphism group has unbounded finite subgroups by Lemma 6.12. We conclude that the generalization of Theorem 1.2 (and thus also Theorem 1.3, cf. Remark 8.2) fails over perfect fields of characteristic 2.
Quadrics
In this section we study automorphism groups of quadrics and prove Proposition 1.10. Let V be a finite-dimensional vector space over a field K, and let q be a non-degenerate quadratic form on V . Recall that a quadratic form q is said to be non-degenerate if the associated symmetric bilinear form
is non-degenerate. If char K = 2 the form B q is also alternating. Hence, in this case the dimension of V must be even. We refer to the pair (V, q) as a quadratic module over K. Denote by O(V, q) the corresponding orthogonal (linear algebraic) group.
The following result is well know (see, for instance, [Bor91, § §22.4, 22.6]).
Lemma 9.1. The group O(V, q) is reductive and it is anisotropic if and only if q does not represent 0.
We will also need the following structural result on quadratic forms over a perfect field of characteristic 2 due to Arf ([Arf41]).
Lemma 9.2. Let V be a finite-dimensional vector space over a perfect field K of characteristic 2, and let q be a non-degenerate quadratic form on V (so that in particular dim V = 2k is even). Then, for some coordinates x 1 , . . . , x 2k on V , the quadratic form q is given by
, where a is an element of K.
Moreover, two quadratic forms q a (x 1 , . . . , x 2k ) and q a ′ (x 1 , . . . , x 2k ) are equivalent if and only if a and a ′ have the same image in the cokernel of Artin-Schreier homomorphism
which is the Arf invariant of the quadratic form. In particular, if dim V > 2 then every non-degenerate quadratic form on V represents 0.
Lemma 9.4 (cf. [GA13, Lemma 2.1]). Let K be a field of characteristic p > 2, and let (V, q) be a non-degenerate quadratic module over K. Assume that q does not represent 0. Then the group of K-points of O(V, q) has no elements of order p.
Proof. Assuming the contrary, let g ∈ O(V, q)(K) be an element of order p. Viewing g as a linear endomorphism of V , we have
Applying the Jordan Normal Form theorem to g − 1, we can find linearly independent vectors v 1 , v 2 ∈ V such that g(v 1 ) = v 1 and g(v 2 ) = v 1 + v 2 . Thus, we have
Hence, we obtain 2q(v 1 ) = B q (v 1 , v 1 ) = 0, that is, q represents 0.
Remark 9.5. If the field K is perfect, Lemma 9.4 can be deduced from Corollary 4.4 and Lemma 9.1.
If K is a perfect field that contains all roots of 1, then it follows from Theorem 1.5 and Lemma 9.1 that the orthogonal group O(V, q) has bounded finite subgroups if and only if q does not represent 0. In fact, we have a stronger result.
Lemma 9.6 (cf. [BZ17a, Corollary 4.4]). Let K be a field that contains all roots of 1. Assume that char K = 2 or K is perfect. Suppose that q does not represent 0. Then every non-trivial element of finite order in O(V, q)(K) has order 2, and every finite subgroup of O(V, q)(K) is abelian of order less or equal to 2 dim V .
Proof. By Lemma 9.2, if K is perfect and char K = 2, then we must have dim V = 2. In this case, by Lemma 9.1, the group O(V, q)(K) is isomorphic to the product of an anisotropic torus of rank 1 and the finite group Z/2Z. Therefore, the assertion of the lemma follows from Lemma 3.6. Now, assume that char K = 2. Let g ∈ O(V, q)(K) be an element of finite order. By Lemma 9.4 the order of g is coprime to the characteristic of K. Since K contains all roots of unity, it follows that every such element g ∈ O(V, q)(K) viewed as a linear endomorphism of V is diagonalizable in an appropriate basis for V . Moreover, since q does not represent 0, the diagonal entries of the matrix of g in this basis must be equal to ±1. Hence g 2 = 1. It follows that every finite subgroup G ⊂ O(V, q)(K) is abelian, and G is conjugate to a subgroup of the group of diagonal matrices in GL(V ). Hence, the order of G is at most 2 dim V . Now we are ready to prove Proposition 1.10.
Proof of Proposition 1.10. Let V be an n-dimensional vector space such that P n−1 is identified with the projectivization P(V ), and let q be a quadratic form corresponding to the quadric Q.
First, assume that K is a perfect field of characteristic 2. If n is even, then the quadratic form is non-degenerate; indeed, otherwise its kernel T would be at least two-dimensional, so that the singular locus of Q, which is Q ∩ P(T ), would be non-empty. Thus, by Lemma 9.2 one has Q(K) = ∅. Moreover, writing q in the form (9.3), we see that Aut(Q) contains a subgroup isomorphic to K * . Hence, Aut(Q) has unbounded finite subgroups. If n is odd, the symmetric bilinear form B q : V × V → K associated to q has a onedimensional kernel. In this case q can be written as q(x 1 , . . . , x n ) = x 2 1 + r(x 2 , . . . , x n ) for some coordinates x 1 , . . . , x n on V and some non-degenerate quadratic form r in n − 1 variables. Applying Lemma 9.2 to r we see that Q(K) = ∅ and Aut(Q) has unbounded finite subgroups. In fact, in this case Aut(Q) is isomorphic to the group of linear transformations of the quotientV of V by T which preserve the induced bilinear formB q onV , i.e., to the symplectic group Sp(V ,B q )(K); see [Bor91, §22.6] . We see that in the case when char K = 2, assertion (i) holds, while the assumptions of assertions (ii), (iii), and (iv) do not hold.
From now on we assume that char K = 2. Then the group Aut(Q) is isomorphic to the group of K-points of the quotient O(V, q)/µ 2 , where µ 2 ⊂ O(V, q) is the central subgroup of order 2. (More geometrically, Aut(Q) can be identified with the group of automorphisms of the projective space P(V ) that preserve q up to a scalar multiple.) Thus, Aut(Q) fits into an exact sequence
By Lemma 9.1, the group O(V, q)/µ 2 is anisotropic if and only if Q(K) = ∅. If Q(K) = ∅, then Lemma 9.4 together with exact sequence (9.7) shows that the order of any element of Aut(Q) of finite order is coprime to char K. Thus, assertions (i) follows from Theorem 1.5 applied to the reductive group O(V, q)/µ 2 . If n is odd, then the embedding µ 2 ֒→ O(V, q) splits, so that Aut(Q) is isomorphic to the subgroup SO(V, q)(K) ⊂ O(V, q)(K) of the orthogonal group that consists of matrices whose determinant is equal to 1. Thus, assertion (ii) follows from Lemma 9.6. Suppose that n is even. Then, using exact sequence (9.7) and Lemma 9.6, we infer that every non-trivial element of O(V, q)(K) of finite order has order 2. Hence, every non-trivial element of Aut(Q) of finite order has order 2 or 4. Let G ⊂ Aut(Q) be a finite subgroup. Consider the embedding
and letG be the preimage of G in O(V, q)(K). The order of every element ofG divides 8, and the same is true for the subgroupGµ 8 ⊂ GL(V )(K) generated byG and scalar matrices whose orders divide 8. Thus, by Theorem 4.6, we have |Gµ 8 | 8
n . On the other hand, we know that |Gµ 8 | = 8|G|. This proves assertion (iii).
Finally, to get the stronger bound in the case n = 4, observe that the group ofK-points of O(V, q)/µ 2 , that is the group of automorphisms of Q overK, is isomorphic to the semidirect product (PGL 2 (K) × PGL 2 (K)) ⋊ Z/2Z, where the non-trivial element of Z/2Z acts on PGL 2 (K) × PGL 2 (K) by a permutation of the factors. We claim that every finite subgroup of the latter group whose non-trivial elements are of order 2 or 4 has order at most 64. Indeed, let G be such a subgroup. Since char K = 2, the order of the intersection
divides 64 by Lemma 6.5. If |H| < 64 we are done. Otherwise, H is the product H 1 × H 2 , for some subgroups H i ⊂ PGL 2 (K) of order 8 each of which contains an element of order 4. But then G must coincide with H, because otherwise G would contain an element of the form
where g is an element of order 4 and σ is the non-trivial element of Z/2Z. But such element has order 8, and assertion (iv) follows.
Del Pezzo surfaces
In this section we study groups acting on del Pezzo surfaces and prove Proposition 1.11. Recall that a del Pezzo surface is a (normal) projective geometrically irreducible surface with an ample anticanonical divisor. By the degree of a smooth del Pezzo surface X we always mean its anticanonical degree K 2 X . Lemma 10.1. Let K be a perfect field that contains all roots of 1. Let X be a smooth del Pezzo surface of degree 6 over K. Suppose that X is not birational to P 1 × C, where C is a conic. Then every finite subgroup of Aut(X) has order at most 432.
Proof. One has
Aut(XK) ∼ = K * 2 ⋊ D 12 , where D 12 is the dihedral group of order 12, cf. [Dol12, Theorem 8.4.2]. Thus the group Aut(X) has a subgroup T of index at most 12 such that T is a two-dimensional torus (cf. the proof of Corollary 7.11).
If T contains a subtorus isomorphic to G m , then X is birational to P 1 × C for some conic C by Lemma 2.1, which is not the case by assumption. Thus we see that T is anisotropic, so that every finite subgroup of T has order at most 36 by Lemma 3.11. Therefore, every finite subgroup of Aut(X) has order at most 12 · 36 = 432.
Note that the assumptions of Lemma 10.1 imply that X(K) = ∅, since otherwise X is rational by Theorem 7.13(i).
Now we proceed to del Pezzo surfaces of degree 8. We will say that a del Pezzo surface X of degree 8 over a field K is of product type, if XK ∼ = P 1 × P 1 .
Remark 10.2. Let X be a smooth del Pezzo surface of degree 7 K 2 X 8 over a perfect field K. If either K 2 X = 7, or K 2 X = 8 and XK is a blow up of P 2 at a point, then X contains a Galois-invariant (−1)-curve, which in turn contains a K-point; in this case X is rational by Theorem 7.13(i). Therefore, if X is not rational, then K 2 X = 8 and XK ∼ = P 1 × P 1 , so that X is of product type.
Lemma 10.3. Let K be a perfect field that contains all roots of 1. Let X be a del Pezzo surface of degree K 2 X = 8 of product type over K. Suppose that X is not birational to P 1 × C, where C is a conic. Then every finite subgroup of Aut(X) has order at most 64.
Proof. We may assume that X(K) = ∅, since otherwise X is rational by Theorem 7.13(i). It follows from [Lied17, Proposition 5.2] that either X ∼ = C × C ′ , where C and C ′ are conics without K-points, or X is a quadric in P 3 . In the former case the assertion follows from Corollary 7.8. In the latter case the assertion follows from Proposition 1.10(iv). Now we are ready to prove Proposition 1.11. If K is an arbitrary field, the known upper bound is much higher. Namely, one can check that | Aut(X)| is bounded by the order of the Weyl group W(E 8 ), that is, by the number 696 729 600, cf. [Man67, Theorem 4.5] and [Dol12, Corollary 8.2.40 ]. This bound is not sharp. However, over appropriate fields there exist del Pezzo surfaces of low degree with automorphism groups of rather large order. For instance, the automorphism group of the Fermat cubic surface over an algebraically closed field of characteristic 2 has order 25 920, see [DD17, Table 1 ].
Jordan property
In this section we apply Theorem 1.3 to study groups of birational automorphisms of higher-dimensional varieties. The group-theoretic property we will be interested in here is described as follows.
Definition 11.1 (see [Pop16, Definition 1]). A group Γ is called Jordan if there is a constant J such that for any finite subgroup G ⊂ Γ there exists a normal abelian subgroup A ⊂ G of index at most J.
The first result concerning Jordan property (and motivating the modern terminology) is an old theorem by C. Jordan that asserts this property for a general linear group over a field of characteristic zero (see e.g. [CR62, Theorem 36.13]).
J.-P. Serre noticed that Jordan property sometimes holds for groups of birational automorphisms. . Jordan property was also proved in many other cases for groups of birational automorphisms and for automorphism groups, see for instance [PS14] , [MZ15] , [BZ17a] , [BZ17b] , [PS17] , [Mun14] , [Mun16] , and references therein. However, there are varieties whose groups of birational automorphisms are not Jordan.
Theorem 11.3 ([Zar14]
). Let A be a positive-dimensional abelian variety. Then the group of birational automorphisms of A × P 1 is not Jordan.
Recall that to any variety X one can associate the maximal rationally connected fibration, which is a canonically defined rational map with rationally connected fibers and non-uniruled base (see [Kol96, § IV.5], [GHS03, Corollary 1.4]). The maximal rationally connected fibration is equivariant with respect to the whole group of birational automorphisms of X. Keeping in mind Theorem 11.3, it seems natural to try to understand the groups of birational automorphisms for varieties with maximal rationally connected fibration of small relative dimension; note that the case when the relative dimension is 0 (that is, the maximal rationally connected fibration is birational or, equivalently, the variety is not uniruled) is settled by [PS14, Theorem 1.8(ii)].
Theorem 11.4 ([BZ17a, Theorem 1.6]). Let X be an irreducible variety over a field of characteristic zero, and φ : X Y be its maximal rationally connected fibration. Suppose that the relative dimension of φ equals 1, and that φ has no rational sections. Then the group of birational automorphisms of X is Jordan.
Theorem 11.5 ([PS16b, Lemma 4.6]). Let X be an irreducible variety over a field of characteristic zero, and φ : X Y be its maximal rationally connected fibration. Suppose that the relative dimension of φ equals 2, and that φ has a rational section. Suppose also that X is not birational to Y × P 2 . Then the group of birational automorphisms of X is Jordan.
Using Theorem 1.3, we obtain the following result that is somewhat similar to Theorems 11.4 and 11.5. Proposition 11.6. Let X be an irreducible variety over a field k of characteristic zero, and φ : X Y be its maximal rationally connected fibration. Suppose that the relative dimension of φ equals 2, and that φ has no rational sections. Suppose also that X is not birational to Z × P 1 , where Z is a conic bundle over Y . Then the group of birational automorphisms of X is Jordan.
Proof. The proof is similar to those of Theorems 11.4 and 11.5, see [BZ17a, §5] and [PS16b, §4] . We may assume that the field k is algebraically closed.
Let S be the fiber of φ over the general schematic point of Y . Then S is a geometrically rational surface defined over the field K = k(Y ), and S has no K-points by assumption. Since φ is equivariant with respect to Bir(X), we have an exact sequence 1 −→ Bir(X) φ −→ Bir(X) −→ Bir(Y ), where the action of Bir(X) φ is fiberwise with respect to φ.
Our assumptions imply that S is not birational to P 1 × C over K, where C is a conic. The group Bir(X) φ is isomorphic to the group Bir(S), and thus has bounded finite subgroups by Theorem 1.3. On the other hand, the variety Y is not uniruled. Thus the group Bir(Y ) is Jordan by [PS14, Theorem 1.8(ii)]. Moreover, there is a constant R such that every finite subgroup in Bir(Y ) is generated by at most R elements, see e.g. [PS14, Remark 6.9]. Therefore, the group Bir(X) is Jordan by a simple grouptheoretic argument, see [PS14, Lemma 2.8].
Note that if the field k is algebraically closed, the assumptions of Proposition 11.6 imply that the dimension of Y is at least 2 (so that the dimension of X is at least 4) due to the theorem of Graber, Harris, and Starr, see [GHS03] . It would be interesting to describe more explicitly the varieties with maximal rationally connected fibration of relative dimension 2 whose birational automorphism groups are not Jordan, similarly to what was done in [PS16b, Theorem 1.8]. Also, it would be interesting to try to generalize Theorem 1.3 to the case of threefolds, and to derive conclusions for birational automorphisms of varieties with maximal rationally connected fibration of relative dimension 3.
